In this paper we analyze a dynamic unilateral contact problem between two thermoelastic beams. We establish the existence of a weak global-in-time solution, by a penalization method. Moreover, we study the asymptotic behavior of such a solution proving that the energy associated to the system decays exponentially to zero, as time goes to infinity.
Introduction
In this paper, we investigate the mechanical behavior of two thermoelastic beams that are in unilateral contact across a joint. We suppose that the area-centers of gravity of beams in their (stress free and isothermal) reference configurations are (l 0 , l) × (0, T ) → R the vertical displacements, and by θ = θ(x, t) : (0, l 0 ) × (0, T ) → R and ϕ = ϕ(x, t) : (l 0 , l) × (0, T ) → R the thermal moments of the beams, we describe the evolution of the system by the following equations: For a detailed derivation of the modeling of thermoelastic beams, we refer, e.g., to [12] .
Here and in what follows, the subscripts x and t indicate partial derivatives.
Concerning the joint at x = l 0 , we model it with the classical Signorini non-penetration condition (see, e.g., [5, 8, 9] ) and we allow the joint with gap g to be asymmetrical so that g = g 1 + g 2 , where g 1 > 0 and g 2 > 0 are, respectively, the upper and lower clearance, when the system is at rest (see Fig. 1 ). Then, the right end of the left beam is assumed to be within the clearance of the left end of the right beam, namely
( 1 . 4 ) In addition to (1.4), we assume that the stresses at the joint are equal, namely σ (t) := σ 1 (l 0 , t) = σ 2 (l 0 , t) in (0, T ), (1.5) where
Moreover, we prescribe (1.6) where ∂χ v denotes the subdifferential of the indicator function χ v ,
Let us spend a few words on the condition expressed by (1.6) 
, there is no contact, the ends at x = l 0 are free, and σ (t) = 0. On the other hand, when
the ends at x = l 0 are in contact. More precisely, when the contact occurs at the lower end, relations
and σ (t) 0 hold; when the contact takes place at the upper end, relations u(l 0 , t) = v(l 0 , t) + g 1 and σ (t) 0 are verified.
Finally, we suppose that
This implies that the ends, evaluated at x = l 0 , do not exert moments on each other.
The problem specified by (1.1)-(1.7) can be regarded as an extension to the thermoelastic case of the problem studied in [9] . Let us outline that it turns out to be interesting to investigate non-isothermal situations and take into account thermal effects. In fact, dynamic models for vibrations transmission across joints are of considerable interest in various industrial settings and in many applications, as, e.g., the satellite dynamics where the temperature plays a significant role and the contribution of the heat flux to bending is very important.
The first goal of the present paper is to obtain a global in time existence result for problem (1.1)-(1.7). The main analytical difficulties arise from the ill-behaved boundary terms induced by the constraint (1.6) and from the low regularity of the weak solution. This regularity ceiling is related to the possible velocity discontinuity upon impact. Therefore, we consider an approximate version of the problem (1.1)-(1.7) by introducing a normal compliance condition (Remark 3.1 below) as regularization of the Signorini condition (1.6). Then, we prove a well-posedness result for the approximate problem by means of a Faedo-Galerkin scheme (Proposition 3.2), we derive suitable a priori estimates and we pass to the limit in the regularization parameter obtaining the existence of a solution to the original problem (Theorem 2.2). As far as the uniqueness of the solution to the limit problem is concerned, we recall that it remains an open question. The relevant part of our paper is to prove the exponential stability of a solution to the problem (1.1)-(1.7) as time goes to infinity (see Theorem 2.3). First, we work in the approximate framework: we find the exponential decay for the approximate solution by introducing a suitable Lyapunov functional and by using the multiplier method. Then, by weak lower semicontinuity arguments, we achieve the exponential decay for a solution to the original problem.
Before proceeding, let us recall some related results in the literature. The dynamics of contact problems, involving only a single displacement and/or a single variation of temperature, have been studied extensively by several authors (see, e.g., [1, 2, 5, 6, 11, 16, 17] ). For instance, mathematical models describing the dynamic evolution of a thermoviscoelastic rod which may contact or impact a rigid or reactive obstacle are proposed in [4, 10] .
A second way of research is related to the study of the asymptotic behavior of the solutions. The exponential energy decay rate for weak solutions of a thermoelastic rod, contacting a rigid obstacle, is analyzed in [13] .
A semilinear system of energy-elasticity equations that model the dynamic longitudinal deformations of a thermoelastic rod, fixed at one end and constrained at the other, is considered in [7] . At the contact end the obstacle is assumed to be deformable and friction is taken into account, in the interaction between the rod and the obstacle. Existence and exponential decay of weak solutions are obtained.
In [15] the authors study a model for dynamic contact between a thermoviscoelastic rod and a rigid obstacle. Contact is modeled by the Signorini unilateral condition, which also contributes a strong non-linearity to the problem. The existence of a weak solution and a power law in time energy decay rate for the problem are established. Since the modulus of elasticity is allowed to vanish, exponential decay cannot be expected.
Concerning the contact problems between two bodies, we recall the already quoted paper [9] where the authors analyze the dynamic unilateral contact between two elastic or viscoelastic beams. An existence result is established and the vibration transmission across the joint between the beams is numerically investigated.
Finally, let us recall the contribution [14] where the thermoelastic and viscoelastic contact problems of two rods are considered and the existence of a weak solution is shown. Here, the authors prove that the weak solution to the thermoelastic contact problem converges to zero exponentially as time goes to infinity, while the weak solution of the viscoelastic contact problem decays to zero with the same rates as the relaxation functions do. A numerical approximation of the problem of quasistatic contact between two thermoelastic rods is studied in [3] as well. Now, we briefly sketch the plan of the present paper. In Section 2 we introduce a variational formulation of (1.1)-(1.7) and we state our results. Section 3 is devoted to the proof of the existence of a weak solution to (1.1)-(1.7) and in Section 4 we prove the main result of the paper about the exponential stability.
Main results
To provide a variational formulation of the problem (1.1)-(1.7), we introduce the following spaces:
Next, to incorporate the constraint specified by (1.4), we set
representing the convex set of admissible pairs of displacements (u, v) .
Concerning the initial data, we assume that
We may now specify the variational problem we are dealing with by introducing the following definition of weak solution to the problem (1.1)-(1.7).
and satisfies the relations
Here are the main results of the paper. The proof of this result will be carried out in Section 3, by a regularization, a priori estimates, and passage to the limit procedure.
Next, in Section 4, we investigate the asymptotic behavior of the weak solutions provided by Theorem 2.2. Denoting by
the energy associated with the system, we establish in the following theorem that it decays exponentially to zero, as t → +∞. 
Before proceeding, let us collect here some properties which will be useful in the sequel. We recall that, by the Sobolev embedding theorem, the continuous injections hold
and, in particular, there exists a positive constant C S such that
Moreover, we will use the Young inequality
Finally, for the sake of simplicity, we will employ the same symbols C for different constants, even in the same formula. In particular, we will denote by the same symbol C P different constants due to the use of the Poincaré inequality on the
Global existence result
Let us briefly sketch the proof of Theorem 2.2. Firstly, in Section 3.1, we approximate the problem (1.1)-(1.7) by a penalization procedure and we prove a well-posedness result for the regularized problem (Proposition 3.2 below). Then, in Section 3.2, we show that a sequence of approximate solutions converges to a solution to the original problem.
Approximating problems
We introduce the families of initial data {u ε
Now, we introduce a penalized version of the problem (1.1)-(1.7) by regularizing the Signorini contact condition with a normal compliance condition (see Remark 3.1 below). For any ε > 0 let us consider the following system: (3.4) together with the initial conditions
the boundary conditions at x = 0 and x = l, (3.6) and the boundary conditions at the joint x = l 0 ,
where σ ε
and Remark 3.1. Assuming (3.11) we are considering a normal compliance condition (see, e.g., [9, 11, 14] ) as a regularization of the Signorini contact condition (1.6). Actually, we relax the non-penetration condition by assuming for instance that the stops at the left end of the right beam are flexible. As ε → 0, we recover formally the constraint (1.4) and the condition (1.6).
Moreover, let us stress that the term −ε[u ε [14] ) will play a crucial role in the proof of the uniqueness of the approximating solution (see (3.33) below).
The following result establishes the well-posedness of the above problem. Proof. (Existence). The proof proceeds by using the Faedo-Galerkin method.
Construction of Galerkin approximations. We choose bases {w i } i∈N , {ψ i } i∈N , {z i } i∈N , {η i } i∈N of the spaces V 1 , H 1 , V 2 , H 2 , respectively, such that u ε
the solutions of the following system of 4n ordinary differential equations
for j = 1, . . . ,n, with A priori estimates. First we differentiate equations in (3.14) with respect to t, namely
for j = 1, . . . ,n, where
Multiplying ( (t), (3.17) 4 by q n j t (t), respectively, summing over j, adding up, 
for some positive constant C independent of n. After an integration of (3.18) over (0, t), on account of (3.19), we have
Now we prove that the second-order energy is bounded initially, i.e. that
is bounded independently of n. To this aim, we will take advantage of the special bases chosen above, containing the initial data. In fact, let us multiply Eq. (3.14) 1 by h n j tt (t), summing up over j = 1, . . . ,n, let t → 0. Taking into account (3.15), we find that
Integrating by parts and owing to the compatibility conditions (3.6)-(3.11) for t = 0, we have
and then, by the Young inequality, there exists a positive constant C independent of n, such that
Analogously, let us multiply Eq. (3.14) 2 by p n j t (t), summing up over j = 1, . . . ,n, letting t → 0 and accounting for (3.15), we
Integrating by parts and accounting for the compatibility conditions verified by θ ε 0 and u ε 1 (cf. (3.2) and (3.6)), we find
By similar procedure we can estimate the terms
and conclude that E n (0) is bounded independently of n. Thus, from (3.20) , by the Gronwall lemma we deduce that
Convergence of the Galerkin approximations. In accordance with classical compactness results, we can extract subsequences denoted by the same symbols such that, as n → ∞, there exist u ε , θ ε , v ε , ϕ ε with
Moreover, using a generalized version of the Ascoli theorem (see, e.g., [18, Corollary 4]), we can deduce the following strong convergences:
By standard procedure, thanks to (3.21)-(3.22) we pass to the limit in (3.14) as n → +∞ and we recover (3.4) as well as the initial and the boundary conditions (3.5)-(3.11). In particular, θ ε and then (3.4) 3 , we read the additional regularity for ϕ ε and v ε specified by (3.12) and (3.13).
(Uniqueness). Let (u ε , θ ε , v ε , ϕ ε ) and (w ε , ψ ε , z ε , η ε ) be two solutions of (3.4)-(3.11) whose regularity is specified by (3.12)-(3.13). Then (3.23) together with
tively, and summing up, we find
where, according to (2.9),Ẽ ε (t) := E(t,ũ ε ,θ ε ,ṽ ε ,φ ε ). Now we estimate the last term on the right-hand side of (3.31). First, since 
(3.33)
By the Gronwall lemma and recalling thatẼ ε (0) = 0, we find thatẼ ε (t) = 0 on (0, T ). This implies that (u ε , θ ε , v ε , ϕ ε ) = (w ε , ψ ε , z ε , η ε ), and the proof of Proposition 3.2 is complete. 2
Proof of Theorem 2.2
The idea is to consider a sequence of approximate solutions (provided by Proposition 3.2) and to show their convergence (as ε → 0) to a weak solution of the problem (1.1)-(1.7) . From now on, we let ε vary, say, in (0, 1). Concerning the approximating initial data, we assume that
Let us introduce the following energy functions: , where the positive constant δ 2 will be fixed later, and η 2 = η 3 = 
